COLEMAN MAPS AND THE P-ADIC REGULATOR 



ANTONIO LEI, DAVID LOEFFLER, AND SARAH LIVIA ZERBES 

Abstract. In this paper, we study the Coleman maps for a crystaUine representation V with non-negative 
Hodge- Tate weights via Perrin-Riou's p-adic regulator Cy. Denote by 'H(r) the algebra of Qp-valued distri- 
butions on r = Gal(Qp(/ipoo )/Qp). Our first result determines the 'H(r)-elementary divisors of the quotient 
of Dcris{V) <S) (B+g,Qp)'''"° by the W(r)-submodule generated by (ip*N(y))*=0, where N{V) is the Wach 
module of V. By comparing the determinant of this map with that of Cv (which can be computed via 
Perrin-Riou's explicit reciprocity law), we obtain a precise description of the images of the Coleman maps. 
In the case when V arises from a modular form, we get some stronger results about the integral Coleman 
maps, and we can remove many technical assumptions that were required in our previous work in order to 
reformulate Kato's main conjecture in terms of cotorsion Selmer groups and bounded p-adic L-functions. 
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1. Introduction 

1.1. Background. Let p be an odd prime, and write Qoo — Q(Aip°°)- Define the Galois groups F = 
Gal(Qoo/Q) and Ti = Gal(Qoo/Q(Mp))- Note that T ^ A x Ti, where A is cyclic of order p- 1 and Ti ^ Zp. 
For H e {r, Ti}, denote by A(iJ) the Iwasawa algebra of H, and Aq^{H) = A(iJ) Qp- 

Let be a crystalline representation of of dimension d with non-negative Hodge- Tate weights. We 
define 

HL {Qp, V):=Qp lim (Q(/ip,. ),T), 

n 

where T is a t^Q^-stable Zp-lattice in V. This is a AQp(r)-module independent of the choice of T. In [LLZIO], 
we construct A(r)-homomorphisms (called the Coleman maps) 

Cgl^ : HUQp:V) AQ^(r) 

for i ~ 1, . . . , d, depending on a choice of basis of the Wach module N(y). In the case when V = Vf{k — 1), 
where / = (^nq" is a modular eigenform of weight k and level coprime to p (we assume that a,i G Q for the 
time being in order to simplify notation) and Vf is the 2-dimensional p-adic representation associated to /, 
these maps have two important applications. Firstly, we can define two p-adic L-functions Lp^i, Lp^2 G Aq^ (T) 
on applying the Coleman maps to the localisation of the Kato zeta element as constructed in [KatOl]. In 
the supersingular case, i.e. when p \ ap, this enables us to obtain a decomposition of the p-adic i-functions 
defined in [AV75], which are not elements of AQp(r) but of the distribution algebra H(r). More precisely, 
we show that there exists a 2 x 2 matrix AA E ^/(2, H{Ti)) depending only on k and Up such that 

\Lp,pJ \Lp,2j 

This generalises the results of of Pollack [Pol03] (when ap — 0) and Sprung [Spr09] (when / corresponds to 
an elliptic curve over Q and p = 3). Secondly, by modifying the local conditions at p in the definition of the 
p-Selmer group using the kernels of the maps Col , , we define two new Selmer groups Selp(//Qoo)- These are 
both A(r)-cotorsion, which is not true of the usual Selmer group in the supersingular case. 
Fixing a character 77 of A and restricting to the 77-isotypical component, we get maps 

Via the Poitou-Tate exact sequence, we can reformulate Kato's main conjecture (after tensoring with Qp) 
as follows: 

Conjecture 1.1. Fori = 1,2, and each character r] of A, 

Char^^^jr,) (q^ Sei;(//Qoo)''^^) = Char^^^jr,) (lm(Coi:')/(L^^,j) 

where M"^ denotes the Pontryagin dual of a Aq^{Ti) -module M and Char^^ (Ti)M denotes the h.(^^{Ti)- 
characteristic ideal of M . 

When Vp{ap) is sufficiently large, we make use of the basis of N{V) constructed in [BLZ04] to show that 
the first Coleman map is surjectivc under some additional technical conditions. Therefore, we can rewrite 
Conjecture 1.1 as follows (see [LLZIO, Corollary 6.6]): 
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Theorem 1.2. Under certain technical conditions, the case of i — 1 in Conjecture 1.1 is equivalent to the 



assertion that CharA„ (r 



Sei;, 



3)'''^^ is generated by i. 



(In fact we can show that this equivalence holds integrally, i.e. without tensoring with Qp.) 

1.2. Main results. In this paper, we extend the above results in several ways. Let be a crystalline 
representation of Qq^ of dimension d with non-negative Hodge- Tate weights. 

We identify A(ri) with the power series ring Zp[[A]], where A = 7 — 1 for a topological generator 7 of 
Fi. Denote by x '■ GQp ^ the cyclotomic character. To simplify the notation, write u = xil)- 

Firstly, we study the structure of Ni.ig(V^) N(V) 8+^ ^ as a F-module. If 93*Ni.ig(V^) denotes the 

B+g Q^-span of (p(Nrig(V")), then (^*Nrig(F))'''=" is contained in {Mtig.qJ'^^° ®Qp IDcris(l^), and both are free 
H(F)-modules of rank equal to d = dimQ^ V. We determine the elementary divisors of the quotient of these 
modules: 

Theorem A (Theorem 2.10). The 7^(F)-elementary divisors of the quotient 

Bcds(T^) H(F)/(^*N,ig(F))'^=o 



are n,. 



. , , where ri , . . . , are the Hodge- Tate weights of V and 



log(l-f-A) logiu^-^l + X)) 



X 



X -u 



k-l 



This can be seen as a H(F)-module analogue of [Ber04, Proposition HI. 2.1], which states that the Bt^ q - 
elementary divisors of the quotient 



,(^))/Nrig(y) 



are (Ir) \ . . . , (|:) It is striking to note that for any A: > 0, the Mellin transform of agrees with 



(1 -|- 7r)iy9 (|:) up to a unit ir 



(see Proposition 1.5). 



The second aim of this paper is to use Theorem A to determine the image of the map 
To do this, we make use of the following commutative diagram of H(F)-modules: 

mf=' n= hUv) 



1-^ 



(^*Nrig(F))'^=° 



m (I 



ris(F) n{T) 



Here the map Cy is Perrin-Riou's regulator map, and 9Jt : H(F) 



(I 



)^=° denotes the Mellin 



transform. The commutativity of the diagram is a theorem of Berger [Ber03, Theorem 11.13]. Colmez's proof 
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of the "Jy-conjecture" (see [Col98, Theorem IX.4.4]), which is part of Perrin-Riou's explicit reciprocity 
law, gives a formula for the determinant of the matrix of Ly (up to units). We can compare this with 
the determinant of the bottom left-hand map, which follows from Theorem A, to deduce that \ — : 
I^rig(V')'''"^ ^ {v*^n^{y))^^^ is surjective up to a smaU error term: 

Theorem B (Corollary 4.13). Suppose that no eigenvalue of Lp on I]>cris(l^) lies inp^. Then for each character 
T] of A, there is a short exact sequence of 'H(ri)-modules 

'■d-i 

niyf-^^^ ^ {p^*n{v)f='^-^ ^ ^i^cris{v)/v,,„){x'xo'v) — o. 

i=0 

Here y^.^ is a subspace of Deris C^) of the same dimension as FiP* Deris (^^), and the map Ajj is the composition 
of the inclusion of ((/?*Nrig(V"))'''=° in Deris(l^)<8)QpH(r) with the map 0-(id (8)^4^,^), where A^,, is the natural 
reduction map H{T) Qpix^Xo^v) obtained by quotienting out by the ideal (AT + 1 — w*) • e,,. 

Using this we can describe the images of the Coleman maps (for any choice of basis of N(l/)): 

Theorem C (Corollary 4.15). Let 77 be any character of A. Then for all 1 < i < d, 

Im(Coi:') = n - ^(^)' + l)AQ.(ri) 
jeiv 

for some /J' C {0, . . . , — 1}. 

As a corollary of the proof, we also obtain a formula for the elementary divisors of the matrix of the 
map £y, which can be seen as a refinement of the statement of the 5(V^)-conjecture. For i £ Z, define 

» _ log(l+X) _ . 
~ logp(x(7)) 

Theorem D (Theorem 4.16). The elementary divisors of the 7^(r)-modulc quotient 

n{r) Deris (^) 

^(r) ®A,^(r) M/Iy) 

are [A^i; A^^; . . . ; A^^], where A^ = ioii ■ . .4-i- 

Suppose now that 1/ = V/(fc — 1), where / ~ ^a„g" is a modular form of weight k and Vf is the 2- 
dimensional p-adic representation associated to /. In this case, we can refine the above results to study the 
integral structure of the Coleman maps. Let Tf be a C/Q^-stable lattice in Vf, and let us assume that the 
Bq -basis of N(V/) used to define the Coleman maps is in fact an Aq -basis of N{Tf). 

Theorem E (Theorem 5.10). For i = 1,2 and for each character 77 of A, the image of Hl^{Qp, Tfy under 
Col ? is a submodule of finite index of the module 

i^{x-u= + \)^ A(ri) 

for some subset C {Q, . . . ,k ~ 2}. Moreover, for each 77 the sets and arc disjoint. 

This theorem generalises [KP07, Proposition 1.2], which determines the images of (Coif ,Col^) for elliptic 
curves with =0. As a consequence of Theorem E, we can rewrite Conjecture 1.1 as below, without making 
any technical assumptions. 
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Theorem F. For i = 1,2, Conjecture 1.1 is equivalent to the assertion that for each r/ the characteristic 
ideal CharA,jp(ri) (Qp ®Zp Selp(//Qoo)'''^) is generated by ip,i/ rije/" -u^ + 1) where is as given by 
Theorem E. 

Finally, we explain in Section 5.3 how it is possible to choose a basis in such a way that ~ I2 ^ 0, 
i.e. the modules AfFi )/ Imf Col ?) are pseudo-null for both i = 1 and 2. 

Remark 1.3. The local results in this paper (Theorems A, B, C and D) hold with representations of Qq^ 
replaced by representations oi Qp for an arbitrary finite unramified extension F/Qp, with essentially the 
same proofs. We have chosen to work over Qp for the sake of simplicity, since this is all that is needed for 
applications to modular forms. 

1.3. Setup and notation. 

1.3.1. Fontaine rings. We review the definitions of the Fontaine rings we use in this paper. Details can be 
found in [B<>r()4] or [LLZIO]. 

Throughout this paper, p is an odd prime. If is a number field or a local field of characteristic 0, then 
Gk denotes its absolute Galois group and Ok the ring of integers of K. We write F for the Galois group 
Gal(Q(/ij,oo)/Q), which we identiiy with via the cyclotomic character x- Then F = A x Fi, where A is 
of order p — I and Fi = Zp. We fix a topological generator 7 of Fi. 

We write B^^ q for the ring of power series /(tt) G Qp[[7r]] such that f{X) converges everywhere on the 
open unit p-adic disc. Equip B^^ q with actions of F and a Frobenius operator ip by g.n = (tt + l)x(£') — 1 
and (p{tt) = (tt + 1)^ — 1. We can then define a left inverse ip oi (p satisfying 

^o^(/W) = i ^ /(C(l + 7r)-l). 

Inside B^^ q , we have subrings Aq = Zp[[7r]] and B^ = Qp Aq . Moreover, the actions of ip, and 
F restrict to these rings. Finally, we write t — log(l + tt) e B^^ q and q = lp{'k)/tt G Aq . A formal power 
series calculation shows that g{t) ~ x{9)t for 5 G T and Lp{t) = pt. 

1.3.2. Iwasawa algebras and power series. Given a finite extension K of Qp, denote by Aq^{T) (respectively 
(ri)) the Iwasawa algebra Zp[[F]] (^Zp Ok (respectively Zp[[Fi]] Ok) over Ok- We further write 

Ak{T) = Q (g) Ac)^(F) and A^ (Fi) = Q ® Ao^^ (Fi). If M is a finitely generated Ao^^ (Fi)-torsion module, 
we write CharAc,^(ri)(.^^) for its characteristic ideal. 
Let 

H = {f E Qp[A][[A']] : / converges everywhere on the open unit p-adic disc}, 
and define H(F) to be the set of /(7 - 1) with f{X) e H. We may identify Aq^ (F) with the subring of H(F) 
consisting of power series with bounded coefficients. Note that H(F) may be identified with the continuous 
dual of the space of locally analytic functions on F, with multiplication corresponding to convolution, implying 
that its definition is independent of the choice of generator 7. 

The action of F on B^t^ q gives an isomorphism of H(F) with (B^tg q )'''^", the Mellin transform 

971 : 7^(F) ^ {V>+^,qX=° 
/(7-l)^/(7-l)(7r + l). 
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In particular, Az^{T) corresponds to {A'^^)^-^ under 9Jt. Similarly, we define HiTi) as the subring of H(r) 
defined by power series over Qp, rather than Qp[A]. Then, HiTi) (respectively Az^{Ti)) corresponds to 
(1 + 7r)(^(B+g Q^) (respectively (1 + ttMA+J) under M. 

If d is an integer and 5 is a A/^ (ri)-submodule of K 'H{Ti)®'^ of rank d, we write det(5) for the 
determinant of any basis of S, which is well-defined up to multiplication by a a unit of Ak{Ti). If F is some 
AK(ri)-homomorphism with image, which is free of rank d over Al{Ti), lying inside K (^q^ H(ri)®'', we 
write det(F) for det(Im(i^)). 

For an integer i. define 

^ log(l + X) 
logp(x(7)) 

6 

' X + 1 - xiiY 

Note that £i is independent of the choice of generator 7 (hence the choice of normalising factor) , but Si is 
not. 

Remark 1.4. Note that for any positive integer k, we have 

where = \og{x{l'))'' G is nonzero. 

The following result slightly refines [Bor()3, Lemma II. 2]. 
Proposition 1.5. For any k > 0, we have 

aji(4-i...<5oH(r)) 



eH(ri). 




Proof. One checks easily that £i acts on B^^ q as the differential operator (1 + T^)t-^ — i and hence 



Since (1 + tt)^ is an isomorphism on (B^^ q ) '''"° (it is the map on distributions dual to the map f{x) n- 
xf{x) on functions), it follows that each gj maps itm+^ ,Qj'>'=° bijectively onto (i^+^B^g^Q^'''""- 

To prove the corresponding statement for the Si, we note that {^tigQp/'Pi^)^tigQp)^^^ isomorphic to 
Qp[A] as a F-module. Since t is a uniformiser of the ideal (p{tt), we have ((/3(7r)-^B^g Q^/(y9(7r)-'+^Bjt^ Qp)'''"" ~ 
(*^Brig,Qp/*^v(7r)BHg,Qp)'''"° - as a T-module. Hence the annihilator of the 7^(r)-module 



/o5(7r)'^B+ „ )'^=° ~ (t''M+ „ )'''="/ ( ( -^Ym+ „ ^ 



■0=0 



is X{X + 1 — xil)) ■ ■ - {X + 1 — xilY This is coprime to (5o • ■ • Sk-i and the product is £0 ■ • • ^fc-i, so the 
result follows. 

□ 
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1.3.3. Isotypical components. Let 77 : A be a character. We write e,, = {p — ^)^^ '^^eA^^^i'^)'^- 

M is a A£;(r)-niodule, its 77-isotypical component is given by AP' = e,,A£;(r). When 77 = 1, we write M'^ in 
place of M"^. 

We identify A£;(ri) with the power series in X = 7 — 1 with bounded coefficients in E. Given 

F= «^,n^T(7 - 1)" e A(r), 

a-eA,ri>0 

we write = CrjF for its image in Ae{^)^ ■ In particular, 

= ^"E ( E «-.«^(^) ) (7 - 1)" e e,AB(ri). 

n>0 VcreA / 

Therefore, we can identify F^^ with a power series in A" = 7 — 1. Under this identification, the value 
i^''U=x(7)J-i is given by x^Xo^v{F) where xo = x|a for aU j e Z. 



1.3.4. Crystalline representations. Let E' and be finite extensions of Qp. Let be a crystalline .E-linear 
representation of Gq^. We denote the Dieudonne module of V by Deris (V^)- If j G Z, FiP Deris (1^) denotes 
the jth step in the de Rham filtration of Dcris(l^)- We say V is positive if Dcris(V^) = Fil° Ucris(V^) (following 
the standard, but unfortunate, convention that positive representations are precisely those with non-positive 
Hodge- Tate weights). 

The (iy9, r)-module of V is denoted by D(T/). As shown by Fontaine (unpublished - for a reference 
see [C'C'99, Section II]), we have a canonical isomorphism of A£;(r)-modules 

hly:BiVf='^HlJQp,V). 

We write exp^y : F (g) Dcris(^) — > H^{F, V) for Bloch-Kato's exponential over F. 

For an integer j, V{i) denotes the jth Tate twist of V , i.e. V{j) = V ® Eej where Gq^ acts on ej via X'' ■ 
We have 

B„UVU)) = t~'^cAs{V) ® ej. 

For any v G Dcris(^^), Vj = t'^v (g) ej denotes its image in Dcris(l^(j))- 

If /i > 1 is an integer such that Fil"'' Deris (1^) = ©crisll^), we write flv,h for the Perrin-Riou exponential 
as defined in [Pri94]. 

Let T be an C'£;-lattice which is stable under Gq^. We denote the Wach module of V (respectively T) by 
N{V) (respectively N(r)), a free module of rank d over Bq (respectively Aq ). Recall that F acts on both 
of these objects, and there is a map (p : N(r)[7r^-^] — > N{T)[lp{tt)^^], preserving N{T) if T is positive (and 
similarly for V). 

For any j e Z we can identify N(T(j)) with 7r~''N(r) ej, where ej is a basis of Qp{j). Given a 
i?-module M with an action of (p and a submodule N, tf*N denotes the i?-submodule of M generated 
by ip{N), e.g. ip*n{T) denotes the -submodule of N(r)[7r-^] generated by ^(N(T)). Finally, we write 

Nrig(F) = N(F) B+g Q 

'Kip ^ 

The following lemma is implicit in the calculations of [LLZIO, §3], but for the convenience of the reader 
we give a separate proof: 
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Lemma 1.6. If the Hodge-Tate weights ofV are > 0, then we have 

N(T) C ip*m{T) 

and similarly for N{V). 

Proof. It sufSccs to prove the result for T. Suppose that the Hodge-Tate weights of V are in [0,m]. Then 
N(r) = 7r-'"N(T(-m)). Since T{-m) is positive, (p preserves N(T(-m)) and N(T(-m))/(p*N(r(-7n)) is 
killed by [Bcrll-l, proof of Theorem III.3.1]. Equivalently, we have 

qm. . ^mi^(y) c ^*(7r'"N(r)) = ^(7r)'"^*N(T). 
Since q = (p{7t)/tt, the result follows. □ 

1.3.5. Modular forms. Let / = '^"9" be a normalised new eigenform of weight k > 2, level TV and 
nebentypus e. Write Ff = Q(a„ : n > 1) for its coefficient field. Let f = J2 '^n?" be the dual form to /, 
then Ff = Fj. We assume that p \ N and ap is not a p-adic unit, so / is supcrsingular at p. 

Remark 1.7. We make this assumption in save ourselves from doing the same calculations twice in Section 5; 
they easily generalise to the ordinary case. 

We fix a prime of Ff above p. We denote the completion of Ff at this prime by E and fix a uniformiser 
We- We write Vf for the 2-dimensional iJ-linear representation of Gq associated to / from [Dcl69]. We 
fix an Ofi-lattice Tf stable under Gq, it then determines a lattice Tf of Vf. When restricted to Gq^, Vf is 
crystalline and its dc Rham filtration is given by 

r Dc,is(Vf) ifi<o 

Vi? lD)cris(V/) =\ Flo if 1 < i < - 1 

[ iii>k 

for some 7^ w G Dcris(V/). The action of ip on Dcris(^/) satisfies ip^ — apip + e{p)p^~^ = 0. We write i^i, 1^2 
for the 'good basis' of Dcris(V7) as chosen in [LLZIO, §3.3]. 

Unless otherwise stated, we always assume that the eigenvalues of ip on Deris (V/) are not integral powers 
of p and the nebentypus of / is trivial. Our assumption on the eigenvalues of Lp allows us to define the 
Perrin-Riou pairing 

A = /:i,(n-.)«.,., : i^iwCQp, Vf{k - 1)) ^ H(r) 

for 1 = 1,2 where we have identified V/(l)*(l) with Vf{k - 1) (see [LiiUfJ, Section 3.2] or [LLZIO, Section 3.3] 
for details). 

1.3.6. Elementary divisors. Let i? be a commutative ring with 1. We say that R admits the theory of 
elementary divisors if the following holds. Let M < N he finitely generated i?-modules such that N = i?'', 
then there exists a i?-basis rii, . . . , 71^ of and ri, . . . , G i? (unique up to a unit of R) such that ri | • • • | 
and rini, . . . jr^Ue, where e is the largest integer such that 7'e 0, form a i?-basis of M. In this case, we 
write [N : M] = [N : M]r = [ri; ■ ■ ■ ; r^]. When d = 1, we simply write [N : M] = ri. 

In particular, as explained in [BerOl], IS^g Q admits the theory of elementary divisors, as it is a Bezout 
ring (all finitely generated ideals are principal). The same can be said of E(^q^ Bjt^ q for any finite extension 
E of Qp, and of H(ri) (which is isomorphic to M^- q as an abstract ring). 
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We will need the following lemma; see [Lan02, Lemma III. 7. 6]. 

Lemma 1.8. Let R be an elementary divisor ring, and suppose M is a finitely-presented R-module and N 
a submodule such that N = R/a for some a G i? and aM = 0. Then M = N (B M/N . 

Proof. Let qi,. . . ,qr be a set of generators for M/N, with annihilators a^, giving an isomorphism M/N = 
®i^iR/a,i. It is easy to check that each ai divides a. Let pi be an arbitrary lift of qf, then aiPi G N, so 
O'iPi = biPo where po is a generator of N and hi G R/aR. Since aM = 0, we have = {a / ai)aiPi — {a/ai)biPQ. 
Thus Oi I hi, and we may write hi ~ UiCi. Thus p[ ~ pi — CiPo is a lift of pi such that Oip'^ = aiPi — OiCiPo ~ 
aiPi = biPo = 0. It follows that the subgroup generated by the p[ maps bijectively to M/N, giving the 
required splitting. □ 

A straightforward induction gives the following generalisation: 

Corollary 1.9. If M is an R-module with a filtration by submodules = Mq C AIi C • • • C Md = M, and 

there are elements ai, . . . ,ad G i? such that for each i = 1, . . . , d we have Mi/Mi^i = R/oi and aiM C Mi-i, 
then M = 0^^^ R/oi. 

The ring ?^(r) is not a domain; but it is equal to the direct sum of its subrings e^?^(r), where is 
the idcmpotcnt in Qp[A] corresponding to the character rj : A as above. Each of these subrings is 

isomorphic to 'H(ri), and hence admits a theory of elementary divisors. 

2. Refinements of crystalline representations and 'H(r)-STRUCTURE 

In this section, we will prove Theorem A. We will do this by working with a certain filtration of the module 
Nrig(V), which is a (1^9, r)-modulc over Bi^g q ; the steps in this filtration are ((^9, r)-modules over B^tg q , 
but they are not necessarily of the form Nrig(Vl^) for any representation W, so we begin by systematically 
developing a theory of such modules. Our approach is very much influenced by the description of the theory 
of ((p, r)-modules over the Robba ring IB^ig q given in [BC09, §2.2]. 

2.1. Some properties of (lyS, r)-modules over B^^g q . Let A/" be a module over B^g q , free of rank d 
and endowed with semilinear commuting actions of (p and F. We define 



Deris (AA) =AAi^. 



We equip Deris (A/") with the filtration defined by 



FirDeris(A/') = {« e DerislA/") : 'fiiv) G (/W} 



where q = ip{TT)/Tr as above. 
Let Kn = and K, 



[JnKn- We define 




where the tensor product is via the embedding B^lj q ^ Ar„[[t]] arising from the fact that 
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and t is a uniforiniser of the prime ideal (p^^~^(q). We endow A'„[[t]] with the obvious semilinear action of 
r, for which this homomorphism is F-equivariant, and the t-adic filtration. Then D|^'p (A/") is a filtered Qp- 
vector space, of dimension < d (since Koo{{t))^ = Qp [BC09, §2.2.7]); the operator ip gives an isomorphism 
of filtered Qp- vector spaces ^''^{Af) — B^'^^-'(7\A) for each n, and an embedding of filtered Qp- vector 
spaces Deris (A/") ^ u!iR(A/'). 

We shall say that Af is crystalline if diiUQ^ Deris (A/") = d, and de Rham if dimQ^ ]Oi^^{J\f) — d (for some, 
and hence all, n > 1). If TV is de Rham, we define the Hodge-Tate weights oi N to be the integers r such 
that YiV H^^liN) i- Fili""D|ip'(A/') (with multiplicities given by the size of the jump in dimension). Note 
that these are necessarily < 0, which is unfortunate but necessary for compatibility with the usual definition 
in the case of Galois representations. 

Finally, we define Dgg)j(7V) = K^o ®k„ M /^"'^^{q)U. This is a ifoo-vector space of dimension d, with a 
semilinear action of F. As above, the ip operator gives isomorphisms Dg")^(7\/') — > Dg"^"^"^' (TV), of iiToo-vector 
spaces with semilinear F-action. (So both Dsen(A/') and DdR^A/") are independent of n as abstract objects; 
we retain the n in the notation when we are interested in the relation between these spaces and the original 
module A/".) 

Proposition 2.1. Let j > 0, and suppose J\f is de Rham. Then there is an isomorphism of Qp-vector spaces 

FiPDdR(A/-)/FiP+iDdR(A/-) — BsU^f 

Proof. Let us fix an ri > 1 and let 9 be the reduction map /i„[[t]] A'„. Then 6 induces a map 

<(A/')^4':i(A/T 

whose kernel is Fi^DdR^A/") and whose image is a Qp-linear subspace Sq C Dscn(A/')'". Similarly, we find 
that eot~^ gives an injection FiF DdR(A/')/FiF+^ DdR(A/') Dse„(7V)^='^"' , whose image is a Qp-linear 
subspace Sj. 

Since ^'^qSj has dimension d, it suffices to show that dimQ^ Dson(A/')'"^-^ ' < d. This follows 

from the fact that it is a subspace of (A'oo((i)) Dgon(A/'))'", and (as remarked above) A'oo((^))) is a field, 
with K^{{t)f = Qp . □ 

Corollary 2.2. If J\f is crystalline, then the map 

Deris(A/') =AAr — {N/p^''-\qYMf 
is surjective for all r > 1 and n > 1, with kernel Fil' Deris (A/"). 

Proof Let us define Af^"^ = ®k„ Kn[[t]] so (TV^"))^ = DdR(A/'). By hypothesis the map 

rig, Qp 

(ys" : Deris(A/') — !> d[j'^'(7V) is an isomorphism of filtered vector spaces, and the filtration on DdR(A/') is defined 
by the t-adic filtration of A/"'"-*, so it suffices to show that reduction modulo V gives a surjection 

We show that for each j, the map (tW^"))^ (t-''7V("Vi-''+W("))^ is surjective. Muhiphcation by 
t-3 gives an isomorphism (t^TV^")/*^^^-^^"^)^ (7V("ViA/'("^)^=^"' ; but A/''"'/^^/'*") = »se!i(-^)' and by 
the preceding proposition we know that 6 o t~^ gives an isomorphism from FiP DdR(A/')/ FiF"''^ DdR (A/') to 



COLEMAN MAPS AND THE P-ADIC REGULATOR 



11 



^sl(^)^^^ So the map {Af^'^^f (TV*"'/*''-^'"')^ is an injection of filtered modules for which the 
associated map of graded modules is surjective; thus it is itself surjective. □ 

Let us write M = B^g^Q^ ^iQ^ ©crislA/") C TV. 

Proposition 2.3. IfAf is crystalline andV acts trivially on J\f /-kM , then the elementary divisors of J\f / M. 
are 

where — si > ■ ■ • > — Sd are the Hodge-Tate weights of Af. 

Proof. This follows exactly as in [Bcr04, Proposition III. 2.1]. □ 

2.2. Quotients of ((p, r)-modules. We now let TV be a ((p, r)-module over B^^ q , as above. We assume 
that TV is crystalline and F acts trivially on TV/ttTV, and investigate the properties of a certain class of 
{(f, r)-modules obtained as quotients of TV. We continue to write M = B^^ C^q^ Ddis (A/") C TV. 
Let F be a (^-stable i?- linear subspace of Deris (A/"). We set 

and 

X ^ Afny\{j^y^] = {xeAf: £ y for some m} C TV. 

Proposition 2.4. The spaces Y,y,X have the following properties: 

(a) X is a B^lj^ q -submodule of stable under (p and F; 

(b) X = {x : ax £ y for some nonzero a G B^t^ q } (the saturation of y); 

(c) X is free of rank dimQ^ Y as an Bjt^ q -module; 

(d) Y ^Xn DcrislA/") andy ^ X r\M. 

Proof. Part (a) is immediate from the definition. 

For (b), suppose x G TV and there is some nonzero a G B^tg q such that ax E y. By Proposition 2.3, we 
can find m such that (|:)"* x G M., and a (|:)™ a; G y. Since y is clearly saturated in M, we deduce that 
(I:)™ x G y, and hence x G A" as required. 



For part (c), it is immediate that X (|:) ^ is free of rank dimQ^^ y as a q (|:) ^ 



-module. Hence 



the rank of X over Bjt^ q must be equal to this. Also, since A" is a submodule of the free module TV, it is 
torsion-free. Hence it is free. 

For part (d), it is clear that y C X f) Ai; and this inclusion is an equality, since TW/3^ is torsion- free and 
X/y is torsion. Since y n Deris (A/") = Y, the statement follows. □ 

Let W = Deris(A/')/F and W — N jX. The quotient W is a ((^, F)-module in the obvious way, and the 
natural map W ^ Deris (VV) is clearly injective; hence it is also surjective, for reasons of dimension. 

Proposition 2.5. The quotient filtation Fil* W induced on W by the filtation of J]>cnsiN) agrees with the 
filtation Fi[ given by 

FiTW ^{weW : ifiw) G q^'W}. 
Proof. It is clear from the definition that FiV W C Fil '' W. 
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Conversely, let y £ Deris (-^) such that \y\ G Fir W , so we can write ip{y) = q' y' + z for some y' E N and 
zeX. Then 

z mod q^'X e {X/q''Xf. 

Applying Corollary 2.2 to X, we find that z is congruent modulo q^ to an element of X^ =Y. □ 

The final result we will need about these quotients is the following slightly fiddly lemma. Let us suppose 
that the jumps in the filtration of DcrisCA/"), with multiplicity, are si < S2 ■ ■ ■ < Sd (i.e. the Hodge- Tate 
weights of J\f are — s^). We say that the iy9-stable subspace Y is in general position (with respect to the 
Hodge filtration of I])cris(A/')) if the jumps in the filtration Fil' Y are si, . . . , Sj, where j = dimQ^ Y. 

Lemma 2.6. IfY is in general position, then for any m > Sd, we have 

(1)— o>i)Alc (A)'"AA + 3;. 

Proof. Consider the quotient module W = M jX. This is a crystalline ((y9, r)-module over B^g q of rank 
d — i with r trivial modulo tt, and its Hodge- Tate weights are exactly {s(j.).i), . . . , Sd}; hence its F-invariants 
lie in (|:)''"''" W. This is equivalent to C (l)''<^+i' TV -f A'. Multiplying by (|:)™-"o+i), we see that 

M C (1)™AA+ (^)'"~'"^^' X. 

Since both (|:)™ yV// and (|:)™7V are manifestly contained in M.^ we may replace the last term with 

its intersection with M., which is clearly contained vl\ X V\ M ^y. □ 

2.3. Application to crystalline representations. Let 1^ be a d-dimensional crystalline representation 
of Gqj, with Hodge- Tate weights {— si, . . . , — Sd}, where < si < • ■ • < Sd (so V is positive in the sense of 
§1.3.4 above). As above, we define Nrig(V^) = o ®b+ ^(^)j where N(l/) is the Wach module of V as 
constructed in [Ber04]. Then Nrig(X^) is a crystalline (v?, F)-module over B^t^ q with F trivial modulo tt, and 
Dciis(^) is isomorphic (as a filtered (^-module over Qp) to Bci.is(Niig(y)) as defined in the previous section 
[Ber04, Theorems H.2.2 and HL4.4]. 

If V is in fact an i?- linear representation, for E some finite extension of Qp, then Nrig(l^) is naturally an 
E (g)Qp Q -module, and Deris (1^) is a filtered i?- vector space. If we choose an i?-linear iy9-stable subspace, 
then all of the above constructions commute with the additional £^-linear structure. 

As in [BC'09, §2.4.1], we define a refinement of y to be a family Y_ = (i^i)f=i of (/s-stable iJ-linear subspaces 
of Dcris(^^), with C £ • • • C = Dcris(V^), SO dim^; Yi = i. We say that the refinement is non-critical 
[BC09, definition 2.4.5] if Dcris(^) = Y,® Fil'''+^ Dcris(V") for each i; as shown in [BC09, Proposition 2.4.7], 
this is true if and only if each of the spaces Yi is in general position in the above sense, so the jumps of the 
filtration obtained by intersecting with Yi are {si, . . . , s^}. 

We shall suppose that Y admits a non-critical refinement, and fix a choice of such a refinement Y_. As 
in the previous subsection, the (p-stable subspaces Yi determine submodules yi = B^^^ q Yi ^ M and 

x^ = yi^\ 

Let us consider the representation F(m), for some m > Sd- This has non-negative Hodge- Tate weights 
{m — Si;}j=i,...,d- If e,n denotes a basis of Qp{m), then we have 

Dcris("^^(m)) = {t-^x ® e™ : X G Bcris(y)}, 

KigiVim)) = {7r-™y e,„ : y e Nrig(F)}. 
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Wc define A = {ir^^y e„ : y £ A^} and Bi = {t~™a; (8) : x e ^J. 

Proposition 2.7. For each i = 1, . . . ,d, 

(a) {^r-'^B,DAD{j^r-''B,; 

(b) Bi is the saturation of Ai in Bd = ® Dcris(l^("T.)); 

(e) The inclusion Ad ^ Bd identifies Ad/Ai-i with a submodule of Bd/Bi-i and the quotient is anni- 
hilated by (|:)™-"'. 

Proof. The chain of inclusions in (a) is equivalent to {^Y'^Xi ^ yi ^ (-^Y'Xi, which follows from Propos- 
tion 2.3 since the Hodge- Tate weights of Xi are {— si, . . . , — s.;}. Moreover, Bi is manifestly saturated in Bd 
(being the base extension of a subspace oi HcrisiV (m))) , and together with (a), this proves (b). For part (c), 
we note that Ad H Bi-i = Ai-i, so the given map is well-defined and injective; to show that the annihilator 
is as claimed, we must check that 

{^r-''BdCB,^, + Ad, 

which is equivalent to Lemma 2.6. □ 

We now pass from the "additive" to the "multiplicative" situation. Let us define Ai = ^^Zl{l + rr)^ip{Ai), 
and similarly for Bi. Note that these are F-stable, since F and (p commute. Moreover, the action of F on B 
clearly extends to an action of the ring H(F), which is continuous with respect to the Frechet topologies of 
TL{T) and B. As the submodules Bi and Ai are all clearly closed and F-invariant, they also inherit a Frechet 
topology and a continuous action of 'H(F). 

Remark 2.8. Note that we can define an operator ip : Bd ^ Bd which is ip^^ on Deris (^^) and is Bj^g q - 
semilinear (for the usual definition of -0 acting on B^g q )■ Then Ai ~ {(p*AiY'^^, where (p*Ai is the 
®rig Q -submodule of Bi generated by ip{Ai). Clearly we have (p*{Bi) = Bi for all i. 

Lemma 2.9. For each i — 1., . . . ,d, these spaces have the following properties: 

(a) A, CB,. 

(b) AdnB^ = A.^ 

(c) The quotient Bd/{Bi-i + Ad) is annihilated by rim-si ■ 

(d) The quotient Bi/ (Bi-i+Ai) is cyclic as a ^-[{T) -module, generated by {l-\-7r)ip{vi), and its annihilator 

Proof. Parts (a) and (b) are clear from the corresponding statements for the spaces Ai and Bi. For part (c), 
we note that Bd/Bi-i is isomorphic as a ((y9, F)-module over Bj'?^g to the tensor product 

with F acting trivially on the latter factor. By Proposition 1.5, we have 

Ufc • (Bd/S._i = (^(^) Bd/B,.^ 

Since S(i/(Si_i -I- A) is annihilated by (|r)'" we deduce that nm-^^ annihilates Bd/(Bi_i+ A)- Similarly, 
since Bi/{Bi-i+Ai) has the single elementary divisor (^)'" , we deduce that n„i-si is the exact annihilator 
of the corresponding 'H(F)-module Bil{Bi~i + Ai). □ 
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Theorem 2.10 (Theorem A). Let W be any E-linear crystalline representation of Gq^ with non-negative 
Hodge-Tate weights ri < • ■ • < r^. Then the E T-LiT)- elementary divisors of the quotient 

(Ki^nX^' ® D„,s(M^)/(¥^*N,ig(M^))^^'=° 

are [Wr^] ■ ■ ■ ;nrj. 

Proof. Let us choose an m such that V = W{—m) is positive. Then the Hodge-Tate weights of V are 
—si > • • • > —Sd^ where Si = m — rd+i—i > 0. Suppose first that all of the eigenvalues of (p on Dcris(W^)j and 
hence on Deris (^), are in E. Then there exists at least one non-critical refinement of V . Choosing such a 
refinement, we may argue as above to deduce that the E ® ■H(r)-modulc M ~ Dcris(W^)/(<y2*Nrig(Vt^))''^^° = 
Bd/ Ad has a filtration by E®q^ H(r)-modules Mi = Bi/Ai where Mi/Mi^i is cyclic with annihilator rim-si, 
and vim-si annihilates AI/Mi-i, so the module M is of the type covered by Corollary 1.9. This gives the 
result in this special case. 

If the Frobenius eigenvalues do not lie in E, let F be an extension of E which docs contain them. Then 
we may consider the representation V (E)e F and apply the above argument to this representation. We note 
that if M is any E eg) H(r)-module, then the elementary divisors of (E)^; Af as a F (g) H(r)-module are the 
base extensions of the elementary divisors of M; by uniqueness, we have the above formula for any E. □ 

We now briefiy explain how (^*Nrig(V^) is related to the Wach module N{V) considered in our earlier work. 
Note that H(r) and ¥'(IBrig Q ) ^^'^ both Frechet-Stein algebras in the sense of [ST03] (by Theorem 5.1 of 
op.cit.); hence any finite-rank free module over either one of these algebras has a canonical topology, and a 
submodule of such a module is finitely-generated if and only if it is closed in this topology (Corollary 3.4(ii) 
of op.cit.). 

Proposition 2.11. There is an isomorphism 

Proof We first note that (y9*Nrig(V^) is a finitely-generated '^(B;:^g Q^)-submodule of Dcris(l^) (B^g Qp)'^"°- 
Hence it is closed in the canonical Frechet topology of the latter space. It is also F-stable. Since the Mellin 
transform is a topological isomorphism between {^tigQp)^^° ^^'^ ^(r), we see that (/3*Nrig(t^) is a closed 
F-stable subspace of a finite-rank free 'H(F)-module; hence the action of F extends to a (continuous) action 
of 7^(F). So there is a natural embedding of WT) (g)A,,^(r) {ip*N(y))'^'=° into {Lp*N,ig{V))'''=° . 

The image of this embedding is a ■H(F)-submodulc, which is finitely-generated, since {(p*N{V))'^^'^ is 
finitely-generated as a A^j-modulc [LLZIO, Theorem 3.5]. So it is closed. On the other hand, the image 
contains (v3*N(X^))'''=". Since we evidently have v3*Ni.ig(T/^) = (y9*N(V") (8 (b+ ) V'(Brig.Q )' ^^'^ vC^n ) is 
dense in fi^'^i^Q^), it follows that the image of the right-hand side is a submodule of the left-hand side 
which is both dense and closed; hence it is everything. □ 

We recall the following result from our previous work: 

Theorem 2.12 ([LLZIO, Lemma 3.15]). {(p*N{V))'f'=" is a free KE{T)-module of rank d. More specifically, 
for any basis vi^ ... ^Vd o/Bciis(^)> there exists a E -basis ni,...,nd ofN{V) such that Ui ~ i^i mod tt 

and (1 + 7r)^(ni), . . . , (1 -f n)Lp{nd) form a AE{T)-basis of {ip*n{V))'^'=° . 

Combining this with Proposition 2.11, the following corollary is immediate: 
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Corollary 2.13. ((y5*Ni.ig(l^))''' ^ is a free E 'H{T)-module of rank d. More specifically, for any basis 
vi, . . . of Dcris(V^), there exists a E ® B^^ q -basis ni, . . . , rid of Nrig(V^) such that Ui = Vi mod tt and 
(1 + 7r)^(ni), . . . , (1 + 7r)v3(nd) form aE® U{y)-basis of (v3*Ndg(t^))'^=°. 

Remark 2.14. It seems reasonable to conjecture that for any E ® Bjtg q -basis mi, . . . , of Nrig(V^), the 
vectors (1 + ■n')Lp(nii) are a E ® ?^(r)-basis of {ip*Nrig{V))^^'^ , and similarly for N(y); but we do not know 
a proof of this statement. 

3. The construction of Coleman maps 

3.1. Coleman maps and the Perrin-Riou p-adic regulator. Let i? be a finite extension of Qp. Let V 
be a d-dimensional i?-linear representation of Gq^ with non- negative Hodge- Tate weights ri < r2 < • • • < r^. 
We assume that V has no quotient isomorphic to the trivial representation. Let T be a C/q^^ -stable Os-lattice 
in V. Under these assumptions, there is a canonical isomorphism of Aq^ (r)-modules 

by [Bcr03, Theorem A. 3]. Moreover, since the Hodge- Tate weights of V are non-negative, we have N(T) C 
ip*N{T) by Lemma 1.6. Hence there is a well-defined map 1 - ip : N(T) <p*N(T), which maps N(T)'^=i to 
{ip*N{T))'l'=°. 

As we recalled above, [LLZIO, Theorem 3.5] (due to Laurent Berger) shows that for some basis ni, . . . ,nd 
of as an Oe O Aq -module, the vectors (1 + TT)ip{ni), . . . , (1 -I- Tr)(p{nd) form a basis of {ip*'N{T))'^'^'^ as 
a Ao^ (r)-module. This basis gives an isomorphism 

(the Iwasawa transform), and we define the Coleman map 

Col = (Col,)ti : NiTf-' -> Ao^(r)®'' 

as the composition J o (1 — (^). 

Remark 3.1. This direct definition of the Coleman map is equivalent to that given in our earlier work, but 
applies to any representation with non- negative Hodge- Tate weights, rather than starting with a positive 
representation and twisting by the sum of its Hodge- Tate weights as in [LLZIO]. 

Let i/i, . . . , be a basis of Deris (V^), so {1 + n) ® vi, . . . , {1 + n) ® i^d are a basis of (B^g q^)^^'^ Deris (V^) 
as an ■H(r)-module; and ni, . . . , be a basis of N{V) lifting z^i, . . . , as in Theorem 2.12. Then there 
exists a unique d x d matrix M with entries in H(r) such that 





F7r)<^(ni)^ 






hTr) ®vi\ 






= M- 








h Tr)(p{nd)J 




1(1- 


Vii)®Vd/ 



In fact M_ is defined over ■H(ri), since the lie in (1 + TT)(p{n{V)) C (1 + 77)93(8+^ ^^ ® Bcris(V'). By 
Theorem 2.10, we know that the elementary divisors of M_ are 11^ , . • . , . 

Corollary 3.2. Up to a unit, det(M) is equal to JliLi'^'i- 
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Wc can write the Coleman map Col in terms of M_ as follows: 
Lemma 3.3. For x G N{T)^=^ , we have 



{l-^){x) ^ CoUx) ■ M 



Proof. We have by definition 



{I ~ ip)x = Col{x) 



/(l + 7r)(g)i/i\ 
/(l + 7r)^(ni)\ 



Therefore, we are done on combining this with (1). □ 
Definition 3.4. The Perrin-Riou p-adic regulator Cy for V is defined to be the AE(r)-homomorphism 
(Wl-i 1) o (1 - v?) o {hl^yy' : HUQp^V) niT)®n,,UV). 

Using the isomorphism h^^ y : N{V)'^^^ H^^{Qp, V), we can thus rewrite Lemma 3.3 as 



(2) 



Cv = {Coio{hly)~') {z)-M^ 



(A 



4. Images of the Coleman maps 

Let 77 be a character on A. In this section, we study the image of CoP fNfF)'^^-'") as a subset of AB(ri)®'' 
for a crystalline representation V of dimension d with non-negative Hodge- Tate weights. We then consider 
the projection of this image, giving a description of Imf Col '') for i = 1, . . . , d. 

4.1. Preliminary results on A£;(ri)-modules. Recall that we identify A£;(ri) with the power series ring 
E (E> Oe[[X]] by identifying 7 — 1 with X. Therefore, if G A£;(ri) and x is an element of the maximal 
ideal of E, F\x=x & E. 

Lemma 4.1. Let V be an E-subspace of E'^ with codiniension n. For a fixed element x of the maximal ideal 
of E, we define the AE{Ti)-module 

5 = {(Fi, . . . G AB(ri)®'^ : (i^i(x), . . . G . 

Then, S is free of rank d over Ae{^i) and det(5) = {X — x)" . 

Proof. Let wi, . . . , be a basis of E such that ^i^i G if and only if = for all i > d — n. On 

multiplying elementary matrices in GLd{E) if necessary, we may assume that S is of the form 

5 = {(^^1, ...,Fd)^ Ae{Ti)®'' : Fd-n+i{x) = ■■■ = F^x) = O} 

= A£(ri)®('^-") © {{X - x)As(ri))®", 

so we are done. □ 
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Proposition 4.2. Let I ~ {xq, - ■ ■ , x^} be a subset of the maximal ideal of E. For each i, let Vi be an 

E-subspace of E®'^ with codimension rii. Define 

S={iFi,...,Fd)eAE(Ti)®'' : {Fi{x,), . . . , Fdix,)) € V,,i = 0, . . . ,m} , 
then S is free of rank d over A£;(ri), and dct(5) — ri"=o("'^ ~ a;^)"'. 

Proof. We prove the result by induction on m. Tire case to = is just Lemma 4.1. 
Assume that m > and let 

S' = {{Fi,...,Fd)eAE{rif'':iFi{x,),...,Fdix,))eV,,i = 0,...,m-l}. 

By induction, S' is free of rank d over A£;(ri) and det(5') = n™o^(^ " ■ Let = (^F^'\ . . . , i^j*^) , 
i = 1, . . . , d, be a A£;(ri)-basis of S' . Write J>„ for the d x d matrix with entries Fj*''(a;m). As X — Xm does 
not divide det(Fj'^), we have Tm G GLd{E). Define 

5" = {(Gi, . . . , Gd) 6 KEiVi)®" : (Gi(x,„), . . . , Gd(x,„)) £ K.^""'} • 

By Lemma 4.1, S" is free of rank d over A£;(ri) and det(S"') = {X ~ x™)"'". Say, {Gf\. . . , G^^P), k = 
1, . . . , d, is a basis. 

For (Gi,...,Gd) e Ai5(ri)®'', we have Y.LiGiF'^'^ e S' C S hy definition. It is easy to check that 
Eti GjFt') G 5* if and only if (Gi, . . . , Gd) S S" . Therefore, a basis for S is given by the row vectors of 
(Gf'^)(Fj'^) and det(5') = det(5') det(S"'). Hence, we are done. □ 

Lemma 4.3. If S is a AE(ri)-module as described in the statement of Proposition 4-2, then the image of a 
projection from S into A£;(ri) is of the form Hie ~ Xi)AE{Ti) where J is some subset of {0, . . . , to}. 

Proof. We consider the first projection pr^^ : {Fi, . . . , Fd) n- Fi. Let 

J = {ie [0,to] : (ei,...,ed) eV^^el= 0}. 

It is clear that Im(pr]^) C nie/("'^ ~ Xi)AE{Ti). It remains to show that OiejC^ ^ ^i) ^ Im(pri)- 
By definition, for each i ^ J, there exist ej.*'' E, k — 2, . . . , d, such that 

l[ix,~x,),e^^\...,ef] eV.. 

Similarly, take any (0, 63 . • . , e^j*"*) G Vi for i ^ J . There exist polynomials F^ over E such that Fk{xi) = ej'' 
for fc — 2, . . . , d and i = 0, . . . , m. It is then clear that 



(jliX -x,),F2,...,Fd^ eS. 



Hence we are done. □ 

4.2. On the image of the Perrin-Riou p-adic regulator. Let V he a. d-dimensional £'-linear crystalline 
representation of Qq^ with non- negative Hodge- Tate weights ri < ■ ■ ■ < rd. 

Definition 4.4. For an integer i > 0, we write 

n, = dims Fir ' ID)eris(V^) = #{.? : < i}. 
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Wc make the following assumption: 
Assumption 4.5. The eigenvalues of (p on Dcris(^) are not integral powers of p. 

Recall that we have the Perrin-Riou exponential map (c.f. [PR 94]) 

^v,r. ■■ iKi,,qJ^'=° ® IQ'cris(^) ^ H(r) HliQp, V). 
The Perrin-Riou p-adic regulator is related to ^v.rd via the following equation. 
Theorem 4.6. As maps on H^^{Qp,V), we have 

Cv = {m-^ ® ^) ( ft (^v,r,r' . 

Proof. By definition, this is the same as saying 

(1 - ^) o {hi,yy' = 1^ n , 

which is just a rewrite of [Ber03, Theorem 11.13]. □ 
Corollary 4.7. We have 

det(/:y)= 

1=0 

Proof. The (5(F)-conjecture (see [PR94, Conjecture 3.4.7]) predicts that 

det(rjy,,J= W 

i<rd~l 

As pointed out in [PR94, Proposition 3.6.7], this conjecture is a consequence of Perrin-Riou's explicit reci- 
procity law (Conjecture (Rcc) in op.cit.) which is proved in [Col98, Thcorcme IX. 4. 5]. Therefore, Theo- 
rem 4.6 implies that 

\ 1=0 / \i<rd-l 

which finishes the proof, since Ui — for i < 0. □ 

Let z £ i7j\^(Qp, F). Then Cv{z) G 'H{T) Dcris(l^), so we can apply to -Cv(z) any character on P 
to obtain an element in Deris (1^)- The following proposition studies elements obtained in this way when we 
choose characters of a specific kind. Recall that we denote by x the cyclotomic character, and by xo the 
restriction of x to A. 

Proposition 4.8. Let z E i7j^(Qp, V). Then for any integer < i < r^ — 1 and any Dirichlet character S 
of conductor p" > I, we have 

(3) (1 - (^)-i (1 - V"') x\Cv{z) <E> f e-,;) e Fil" D„is(l^(-*)); 

(4) y'"" {x'6{Cv{z)®fe.,)) 6 Qp,„ «.Fil°I])eris(V^(-»)). 
Proof. We write [ , ] for the pairing 

©cris(l^(-«)) X ID)cris(l^*(l + i)) ID)cris(i;(l)) = E ■ t-^ci. 
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The orthogonal complement of Fil° ©cris(V"(-i)) under [ , ] is Fil°(T/*(l + i)). Let x G Fil" ID)cris(l^*(l + «)) 
and x' = {I — 95)(1 — p^^ip^^)^^x, and write x'_j for x' ® t^c-i. Then 

[(1 - (1 - V"') X\i^v{z) ® f e_,), x] = [x\Cv{z) ® fe.,),x'] 

= x'[Cviz),x'^,], 

where the first equality follows from the observation that 1 — 93 and 1 — p^^ip~^ arc adjoint to each other 
under the pairing [ , ] . 

We extend [ , ] to a pairing on 

n{T) n,,uv) X 7^(r) D„isC^*(i)) — - e H(r) 

in the natural way. By Perrin-Riou's explicit reciprocity law (c.f. [Col98, Theoreme IX. 4. 5]) and Theorem 4.6, 
we have 

(5) = (-1^-1^1^ n^. j z,nv.(i),i_,,((l + 7r)®x'_J^ 
where ( , ) denotes the pairing 

(H(r) ® hUQp, V)) X (H(r) hUQp, v*ii))) — ^ e® n{T) 

as defined in [PR94, § 3.6]. By [Pri94, Lemme 3.6.1(i)], the right-hand side of (5) in fact equals 

(6) ^z, 1^11 ^-^j =(z,r!v.(i),i((l + 7r)®x'_,)). 

By an abuse of notation, we let Tw denote the twist map on the H^y^^s as well as the map on H(r) that 
sends any g G F to x{9)9- We have 

(Tw"*(a;),Tw'(i/)) =Tw'{x,y) 

for any x and y by [PR94, Lemme 3.6.1(ii)]. Therefore, by combining (5) and (6), x^[^v{z), x'_^] is equal to 
the projection of 

(Tw'^z), Tw' + tt) ® x'_,))) 

into E. The projection of Tw' (fiy.(i)_i((l + tt) ® into H^{Qp, V*{1 + i)) is equal to a scalar multiple 

of 

exPQp,v-(i+,;) ((1 -P"V"^)(1 
(see for example [LLZIO, Proposition 3.19]). But 

(1 -p-V"')(l - 'Py^x') ^xe Fil°Deris(V^*(l + i)) 

by definition. Therefore, as exp^^ factors through Fil*^ Deris (V'*(l + i)) by construction, it follows 

that 

expQ^,v*(i+^) ((l-^)-'(l-p-V-')(a^')) =0 

and hence that 

[{l-^)-^{l-p-^^-')Tw\Cv{z)<g>fe.,),x] =x'[£v{z),x'_,] =0. 



^,77 — 
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This imphcs (3), and (4) can be proved similarly. □ 
For any character of A and an integer < i < — 1, define 

(f -pV)(1 -p-i-V-')''Fir*De,is(V^) if Xo =^7 
(^( Fir' Deris (V^)) otherwise 

Note that Vi,,) is a subspace of Dcris(l^) of the same dimension as Fil~* ]D)ciis(^)- 

Corollary 4.9. If rj is a character on A, then 

e,fCv{z)) ■ z e Hl^{Qp, V)} C V^i,^. 

Proof. Note that FiP' Deris (V^) = Fil° Deris(V^(-j)) «> i~*ej. Therefore, if Xo = V, the resuh follows from (3) 
and the fact that ip{t^e-i) = p''t^e-i. Assume otherwise. Since X^Xo^'^ylA = ?7, we have x^Xo^vi^vJO-viz)) — 
X^Xo^v{^v{z))- Hence, (4) implies that 

{x'Xo He,,^v{z)®fe-,)) e Qp(/^p) Fil" Deris(l^(-j)). 

But x*Xo *?7(ej7'Cy(z) 0t*e_i) = £v(z)''|x=x(7)'-i in fact lies inside Dcris(^(~j))- Hence, 

{x\-o'v{e^Cv{z)®fe.,)) e Fil"Deris(V^(-«)) = Fir^Deris(V^) ® fe_, 

and we are done on applying ip to both sides. □ 

Corollary 4.10. If rj is a character on A, then 

{Cv{zy\x=xi-yY-i ■■ z G Hl{q,,V)} C V,,,. 

Proof. This is immediate from Corollary 4.9 as £v/(z)''|x=x(7)'-i — X'Xo *'?(e»7'Cy (z)). □ 

4.3. Images of the Coleman maps. We now fix a character 77 : A >- . Let i^i, . . . , z^^ be a basis of 

Deris (^) and ni, . . . ,nd a basis of N{V) lifting z/i, . . . , as in Theorem 2.12. We consider the image of the 
Coleman map defined with respect to this basis as in Section 3. 

Proposition 4.11. The image of the map 

Col " : A£;(ri)®'^ 

lies inside a AE{Ti)-submodule S as described in the statement of Lemma ^.2 with I = {xi ~ xilY — 1 : < 
i < rd — 1} and Vi = Vi,ri, which is an E-vector space of the same (co-) dimension as FiP* Deris(^)- 

Proof. Recall from (2) that 

/-A 

where M is as defined in (1). Note that Af = M for any character 77 of A, since M is defined over HiTi). 
Moreover, Corollary 3.2 implies that X — xilY + 1 does not divide det(M), so M.\x=x{jy-i ^ GLd{E). 
Therefore, we are done by Corollary 4.10. □ 

Theorem 4.12. Equality holds in Proposition ^.11. 
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Proof. Write S for the basis matrix of the A£;(ri)-submodule of Ae{Ti)®'^ described in the statement of 
Proposition 4.11. Then, Proposition 4.2 says that 

det{s)= Yiix-xhy + ^r-"'- 

i=0 

But 

since rii = ^{j : rj < «}, as noted above. Hence, CoroUary 4.7 imphes that 

det{Cv) = det(M)det(5) 

and we are done. □ 

We can summarize the above results via the following short exact sequence: 

Corollary 4.13. Suppose that no eigenvalue of (p on ]D)ci-is{V) lies in . Then for each character rj of A, 
there is a short exact sequence of T-LiTi) -modules 

1=0 



Here the map A^i = ® Aj^s), where A^i^i is the natural reduction map 7{(r) Qp(x*Xo obtained by 

quotienting out by the ideal {X + 1 — x(7)*) ' ^-n- 

Remark 4.14. The short exact sequence in Corollary 4.13 can be seen as an analogue of Perrin-Riou's exact 
sequence (see [PR94, §2.2]) 



i=0 



.=0 - 

In particular, the injectivity of the first map in our sequence follows from Perrin-Riou's sequence, since our 
assumption on V implies that the first term of Perrin-Riou's sequence vanishes. 

We can now prove Theorem C. 

Corollary 4.15. For i — 1, . . . , d, we have 

im(Coi,n = n - ^(t)' + i)Aij(ri) 

for some ll' C {0, . . . , - 1}. 

Proof. This follows immediately from Lemma 4.3. □ 

We can also use this argument to determine the elementary divisors of the cokernel of the map Cy , refining 
the result of Proposition 4.7. 
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Theorem 4.16. The elementary divisors of the 'H{Y)-module quotient 

H{T) CgQ^ Deris (V) 

^(r) ®A,,(r) M/Iy) 

are [A^^ ; . . . ; A^^], where Xk = ioh ■ ■ ■ h-i- 

Proof. We know that the matrix of Cv is equal to M ■ S, where M and 5* have elementary divisors that are 
coprime. Hence the elementary divisors of the product matrix are the products of the elementary divisors, 
which gives the above formula. □ 

5. The Coleman maps for modular forms 

In this section, we fix a modular form / as in Section 1.3.5. We pick bases ni, n2 of N(Tjr) and j>2 of 
Dcris(V^-) as in [LLZIO, Section 3.3]. Write V = Vj{k - 1), it has Hodge-Tate weights are and fc - 1. We 
consider the Coleman maps Col ^ and Col ^ defined on where 77 is a fixed character on A. As a 

special case for Theorem 4.12 and Corollary 4.15, we have the following result. 

Proposition 5.1. There exist 1- dimensional E-subspaces Vi of for < i < k ^ 1 such that 

Imm^) = {(F,G) e AEiT^) : {Fix\l) - l),G(x'(7) - 1)) e V,}- 

Moreover, for i ~ 1,2, we have 



lm{CgS) = n - ^'(^) + l)Aij(ri) 



for some C {0, . . . , fc — 2} with /J' and disjoint. 



Proof. For < j < fc - 2, Fir 



i{V) is of dimension 1 over E. Hence the first part of the proposition by 



Theorem 4.12. The second part of the proposition follows by putting 

ri = {i■.V^^{)® E] and I.^ ^ {i : Vi = E ® 0}. 



□ 



Remark 5.2. Note that the second part of the proposition is a slightly stronger version of Corollary 4.15. 

Corollary 5.3. In particular, there exist non-zero elements r.i G E for i E := {0, . . . , fc — 2} \ (1]' U ) 
such that 

F(ii'-1)=0 tfiel]' 



Im(Col") 



(F,G) G A£(ri) 



G(u'-1) = ifiel^ 
F(u' - 1) = r,GK - 1) ifiel^} 



where u — xil)- 

The aim of this section is to study the set above in more details. 

5.1. Some explicit linear relations. Recall from [LLZIO, proof of Proposition 3.22] that the maps Ci 
and £2 as defined in Section 1.3.5 satisfy 
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for any z G H^^i^^.V). Therefore, Corollary 4.9 says that L\{z) and L2{z) satifsy some linear relations 
when evaluated at & for < j < fc — 2 and (5 some character on A. We now make these relations explicit. 
First we recall that we have: 

Lemma 5.4. Let j,n > be integers and i G {1, 2}. For z G H^^(Qp, V), we write Z-j^n for the image of z 
under 

(7) HUQp, V) ^ HUQp, V{-j)) ^ H\Qp,„, V{~j)) 

where the first map is the twist map (—1)-' Twj and the second map is the projection. Then, we have 

(8) xHMz)) = - <y5)"^(l -p"V~^)i^»j+i,cxp^^^^(j.)(z_j-o)]. 
If S is a character of Gn which does not factor through G„_i with n > 1, then 



<t6G„ 

where r denotes the Gauss sum. 

Proof. See for example [Lei09, Lemma 3.5 and (4)]. □ 
Lemma 5.5. IfO<j < /c — 2 and S is a non-trivial character on A, then X'' S{C2{z)) = 0. 
Proof. On putting n = I in (8), we have 



x'5{C2{z)) = J2 '5"'('^)[^"'(^2,,+i),exp^^^^v-0)(^-,M)]- 

But 1^2 =p^~'"V(^i): SO 



¥'"'('^2j+i) e E • = Fii° ecris(Vf (j + 1)). 

Therefore, we have 

[<P"^(l^2j + l),CXp^^^^^(^.)(z'")] = 

for all CT G A and we are done. □ 
Lemma 5.6. If ip'^ + aip + b = 0, then 



_i _^ {l + a+pb)ip + a{l + a + pb) + b{p~l) 



pb{l + a + b) 
Proof. We have 

ip'^ + aip + b = 
tp^ — 1 + a{ip — 1) = —1 — a — b 
{1 - tp){tp + 1 + a) = l + a + b. 

Therefore, 

1 + a + b 

Similarly, we have 

_1 p + a 
^- =-^. 

The result then follows from explicit calculation. □ 
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Corollary 5.7. For < j < k — 2, we have 

{-ap+p'+' +p^-^-=)x'{C2{z)) ^ {p-l)x\C,{z)). 
Proof. On Dcris(^/(fc ^ 1 ^ .?)), ^ satisfies 

as we assume £{p) = 1. Let u = 1 - app^'^^^^^ _^ p-k+2+2j ^ ^ -a^p^^+^+Ou + p^^+^+'^^ {p - 1). Then, 
Lemma 5.6 implies that 

{U^ + u'){-C2{z)Di^k-l-3 + Ci{z)V^,k-l-j) e Fil°]D)cris(V^-(fc " 1 - j)) = Evi^k-l-y 

On writing the above expression as a linear combination of vi.k-i-j and V2,k-i-j^ the coefficient of the latter 
turns out to be 

-p-^ux'{C2{z)) + K + app-^+^+^u)x'-{C^{z)l 
which must be zero, hence the result. □ 
Remark 5.8. The coefficient — +p'^^^~^ is non-zero by the Weil's bound. 
Recall from [LLZfO, (32)] that we have 

[-C2 Ci) = {G(Aoh\^y) M. 

( p^~^\ 

By [LLZf 0, proof of Proposition 3.28 and Theorem 5.4], we have M|x=o = = • Therefore, 

the relations for j = are given by 

(-Op + 1 Col2(x)^U=o = /"'(P - 1) Coli(x)^|x=o if = 1; 

Col2(i)"U=o = if'/T^l. 
In particular, for the case fc = 2, we have the following analogue of [KP()7, Proposition 1.2]. 
Proposition 5.9. If k ~ 2, the trivial isotypical component of the Coleman maps give a short exact sequence 

HliQp, V) ^ A£(ri) e AeITi) Qp 0, 

where p is defined by 

p{g{X), h{X)) = (2 - ap)g{Q) - {p - l)h{0). 

5.2. Integral structure of the images. We now describe the integral structure of Im(Colj)''. Under the 
notation of Corollary 5.3, we define 

Uix-xhy + i). 

Then, we have: 

Theorem 5.10. For i = 1,2, let be as defined above, then Coli {HTfik ~ 1))'^'=^)"' C X^Aoe{Ti). 
Moreover, X^Aoe{^i)/Co\, (D(rj(fc - 1))'^=i)'' is pseudo-null. 

Proof. Let 

Xk^Ylix-xhY + 1). 

3=0 
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By [LLZIO, proof of Proposition 4.11], we have 

(/-i(7r)^*N(r^^(fc - 1)))'^=" C (1 - MTfik - 1))^=^ 
This imphcs that Xk G Imf CoL ) for i = 1,2. Hence, we have the fohowing inclusions: 

XkAoA^i) c Col, (D(r^-(fc - i)f='y c Xl^AoA^i) 

for i ~ 1,2. Since Xk is not divisible hy vde, the quotient 

X^AoA^i)/XkAoA^i) 

is a free OB-module of finite rank. Moreover, for a coset representative say x, there exists an integer n such 
that 

w> G Col, (B(Tj(fc - l)f=y . 
Therefore, Col, - l))'f'=^y is of finite index in X^'Ao^i^i)- □ 

5.3. Surjectivity via a change of basis. Unfortunately, we do not have an explicit description of the sets 
/[' given by Corollary 5.3. However, this can be resolved by choosing a different basis: 

Proposition 5.11. Let S be a subset of A£;(ri)®^ as defined in Corollary 5.3. Then, there exists A G 
GL{2, E) such that SA = S' for some S' which is of the form 

{ {F, G) G A£(ri)®2 : F{u' - 1) = r[G{u' - 1), < z < fc - 2} 

for some non-zero elements r[ ^ E. 

Proof. Let ei, 62 G be non-zero elements such that eie2 7^ 1, then 

Let (^^,0) G A£;(ri)®^ we write (f' G'^ = [f G^A^^F + eiG G + 63^) . We have 

F{u' - 1) = ^ F'{u' - 1) = eiG'K - 1); 
G{u' - 1) = ^ G'(u' - 1) = e2F'{u' - 1); 
F(u* - 1) = r,G{u' -I) ^ {e^r, + 1)F'K - 1) = (ei + r.C)G'{u' - 1). 
Therefore, we are done on choosing e-i 7^ ~^r^ ^'^'^ ^1 7^ ^''i a-U * G 13 . □ 

Remark 5.12. In the construction of the Coleman maps, replacing [ ^ ) by A [ ^ ) where A G GL(2,i?) 



n2 \n2. 



is equivalent to replacing M_ by AM. 



Therefore, on multiplying M by an appropriate matrix in GL{2, E) on the left, we can make both Coleman 
maps surjectivc. But we cannot assume M\x=o = A'^ any more. 

In Proposition 5.11, it is possible to choose ei and 62 as elements of the maximal ideal of Oe so that 
A G GL(2, Oe). Therefore, we have 
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Theorem 5.13. There exists a basis o/N(Tj) such that the corresponding Coleman maps have the following 
properties: 

is pseudo-null for i = 1,2. 
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